We define two quotients of theta-functions depending on two positive real parameters. We then show how they are connected with two parameters of Dedekind eta-function and the RamanujanWeber class invariants. Explicit formulas for determining values of the theta-function is derived, and several examples will be given and using them, we give some complete explicit results for the complete elliptic integral of the first kind and the Gaussian hypergeometric function. Also several new modular equations for the theta-function are derived.
Introduction
We begin this section by introducing the standard notion Furthermore, for any integer n, we set (a; q) n := (a; q) ∞ (aq n ; q) ∞ , |q| < 1.
It is tacitly assumed in the sequel that |q| < 1 always. We now give Ramanujan's definition of his general theta-function. In this paper, we introduce two parameterizations h k,n and h k,n of the theta-function ϕ for any positive real numbers n and k. We then show how they are connected with two parameters of the Dedekind eta-function [12] and the Ramanujan-Weber class invariants. Explicit formulas for determining values of the theta-function are derived, and several examples will be given and using them, we give some complete explicit results for the complete elliptic integral of the first kind and the Gaussian hypergeometric function. Also, several new modular equations for the theta-function are derived.
Ramanujan derived 23 beautiful theta-function identities [2, p. 192, pp. 204-237] , which are certain types of modular equations. We found more than 70 of certain types of modular equations, and some of them are given in [10, 11] . There are many definitions of a modular equation in the literature. We now give the definition of a modular equation that Ramanujan employed and the one that we shall use in the sequel. First, the complete elliptic integral of the first kind K(k) is defined by
where 2 F 1 denotes the ordinary or Gaussian hypergeometric function, 0
for each nonnegative integer n. The number k is called the modulus of K, and k is called the complementary modulus.
and L denote complete elliptic integrals of the first kind associated with the moduli k, k , l, and l , respectively, where
holds for some positive integer n. A relation between k and l induced by (1.8) is called a modular equation of degree n.
If we set
we see that (1.8) is equivalent to the relation q n = q . Thus, a modular equation can be viewed as an identity involving theta-functions at the arguments q and q n . Let
Then once K is known for any given m it is comparatively simple to find K for n √ m, where n is a positive integer, using the modular equation of degree n. Indeed
Hence the value of k when m is square-free is of interest.
It is well known that for m = 1, 3, and 4, we may express K in terms of Γ -functions, and the results are given explicitly in [8] . The result for m = 2 is given explicitly in [6] . Selberg and Chowla [5] gave an explicit result for K in terms of Γ -functions when h(−m) = 1, where h(−∆) is the number of classes of the binary quadratic form ax 2 + bxy + cy 2 = (a, b, c) of negative fundamental discriminant
with a, b, c, x, y all integers. They then calculate K explicitly for m = 7. They further show how to evaluate K for when h(−4m) = 2 and thus find K for m = 5. Finally they prove that K is expressible in terms of Γ -functions for all rational m but do not give a complete explicit result. Zucker [13] gave the explicit results for m = 1, 2, . . ., 13, 15, and 16. From (1.7), if we know the value of ϕ(e −π √ n ) for some number n, we can derive the explicit result of K[n] and k will be evaluated in a simple fashion for certain n.
We introduce the gamma-function Γ (x). For all complex numbers x = 0, −1, −2, . . ., the gamma-function Γ (x) is defined by
Next we introduce the Ramanujan-Weber class invariants. For q = e −π √ n , where n is a positive real number, define the two class invariants G n and g n by
where
The term "class invariant" is due to Weber. In the notation of Weber [9] , G n :
is the algebraic number field generated by the complex quadratic integer ω, such that {1, ω} is a basis for the algebraic integral domain, which is also called the maximal order of Q(ω), then the absolute class field of Q(ω) is generated by the modular invariant j (ω), which Weber calls a class invariant. It is well known that g n and G n are algebraic and frequently units [3, p. 184 [12] . For all positive real numbers n and k, define r k,n by 11) where q = e −2π √ n/ k , and define r k,n by 12) where q = e −π √ n/ k . We found more than 800 values of r k,n and r k,n in [12] by using etafunction identities and the properties of the two parameterizations. Using them, we derived some new values for G n and g n in [12] .
In Section 2, we introduce two parameters h k,n and h k,n involving theta-functions ϕ(q) for any positive real numbers k and n. We establish some properties of these parameters.
In Section 3, we establish relations among h k,n , h k,n , r k,n , r k,n and the class invariants. In Section 4, we give some new theta-function identities. In addition, we establish some formulas for h k,n and h k,n by using those theta-function identities. Particular values of theta-functions are determined.
In Section 5, we offer explicit formulas for ϕ(−e −nπ ) and ϕ(e −nπ ) for any positive real numbers n. We give some examples.
Two parameterizations h k,n and h k,n for the theta-function ϕ and some properties of them
In this section, we introduce two useful parameterizations h k,n and h k,n of thetafunction for all positive real numbers k and n. We then establish some of their properties. Definition 2.1. For any positive real numbers k and n, define h k,n by
and define h k,n by
For the proofs of the following theorems, we recall the transformation formula for ϕ
In particular, if a 2 = π/ √ n, then, from (1.1),
For all positive real numbers k and n,
Proof. By using the definition of h k,n and (2.4), we find that
By using the definition of h k,n and replacing n in (2.4) by k/n and nk, respectively, we find that
Using again the definition of h k,n and (2.4) with n replaced by k/n, we find that
So we complete the proof. 2 Remark 2.3. By using the definitions of ϕ(q) and h k,n we notice that h k,n decreases as n increases when k > 1.
Lemma 2.4. For all positive real numbers k, m, and n,
Proof. By using the definition of h k,n , we find that 
So we complete the proof. 2 Corollary 2.6. For all positive real numbers k and n,
By using (ii) and (iii) of Theorem 2.2, we complete the proof. 
Proof. Let a and b be any positive real numbers. By using Theorems 2.5 and 2.2(ii), we find that
Thus we prove (i). Similarly, we find that
From (2.6), (2.7), and Theorem 2.2(ii), we derive (ii). By using (i) and Lemma 2.4, we find that
Similarly, we find that
From (2.8), (2.9), and Theorems 2.2(ii) and (iii), we complete the proof of (iii). 
The result follows from (2.10), (2.11), and the hypothesis ab = cd. 2
Corollary 2.9. For all positive real numbers n and p, we have
h np,np = h n,np 2 h p,p .
Proof. The result follows immediately from Theorems 2.2(i), (iii), and 2.8 with
Theorem 2.10. For any positive real number n, we have
Proof. Using the definition of h k,n with n = 1, we find that the result is true for n = 1. Suppose that it is true for n = k; then we have
Using the definition of h k,n and (2.12), we deduce that
So we complete the proof. 2
3.
Relations among h k,n , h k 1 ,n 1 , r k,n and r k,n
In this section, we state relations among h k,n , h k 1 ,n 1 , r k,n , and r k,n . We then can determine the values of h k,n and h k,n by using known values of r k,n and r k,n in [12] . Theorem 3.1. Let k and n be any positive real numbers. Then
Using (3.1) and the definitions of h k,n and r k,n , we find that
Using the definition of G n in (1.9) and Theorem 3.1 in [12] , we deduce that
So we complete the proof of (i).
(ii) Similarly, let q = e −2π √ n/ k . Using (3.1) and the definitions of h k,n , r k,n , and g n , we find that
which, upon using Theorem 3.3(i) in [12] , proves (ii). 2
Corollary 3.2. For every positive real number k, we have
Proof. The result follows directly from Theorem 3.1(ii) with n = 1 and the value r k,1 = 1, for any positive real number k. 2
The following corollaries show the relations among the parameters and the class invariants G n and g n . Ramanujan recorded several simple formulas relating these invariants, and we state below, one of them that is needed in our proofs. For n > 0, [ 
Proof. Part (i) follows directly from (3.2). Using (3.4) and Theorem 3.1 of [12] in (3.3), we find that
So we complete the proof (ii). 2
Corollary 3.4. For every positive real number n, we have
(ii) h n,n = 2 1/8 r n,n r 2,2n 2 .
Proof. (i) With k = n in Theorem 3.1(i), we find that
h n,n = (r n,n ) 2 r n,n .
By using Corollary 3.2 in [12] , we complete the proof.
(ii) Letting k = n in Theorem 3.1(ii) and using the value r 2,2 = 2 1/8 from Theorem 5.2(i) in [12] , we complete the proof of (ii). 2
Theta-function identities and values of h k,n and h k,n
This section is devoted to stating and proving certain modular equations, P -Q modular equations, which we will use in the sequel. Ramanujan discovered 23 P -Q modular equations [2, p. 192, pp. 204-237] . We have found about 70 new P -Q modular equations by using Garvan's Maple q-series package. We state some of them below, providing proofs for the new ones.
See Definition 1.1 in Section 1 for the definition of modular equation.
Definition 4.1. The multiplier m for a modular equation of degree n is defined by
We prove some new identities for the theta-function ϕ. We then use them for evaluating some values of h k,n and h k,n . 
Theorem 4.2. Let
P = ϕ(q) ϕ(q 2 ) and Q = ϕ(q 2 ) ϕ(q 4 ) . Then P Q + 2 P Q = Q P + 2.
Proof. From Entries 10(i), (iv), and (v) in [1, p. 122], we deduce that
ϕ 2 (q 4 ) = 1 4 z 1 1 + (1 − α) 1/4 2 = 1 4 z 1 (1 + √ 1 − α ) + 1 2 z 1 (1 − α) 1/4 = 1 4 z 1 (1 + √ 1 − α ) + 1 2 z 1 1 + (1 − α) 1/4 − 1 2 z 1 = 1 2 ϕ 2 (q 2 ) + ϕ(q)ϕ(q 4 ) − 1 2 ϕ 2 (q).P = ϕ(q) ϕ(q 3 ) and Q = ϕ(q 3 ) ϕ(q 9 ) . Then P Q + 3 P Q = Q P 2 + 3.
Proof. From Entry 1(iii) in Chapter 20 of [1, p. 345], we deduce that
Multiplying both sides of (4.2) by ϕ 2 (q 9 )/ϕ 2 (q), we complete the proof. 2
Theorem 4.4. Let
Proof. We set 
for any positive real number n.
Proof. The theorem follows directly from Theorem 4.2 and the definition of h k,n . 2 Theorem 4.7. We have
Proof. For (i) and (ii), setting n = 1/2 in Theorem 4.6 and recalling that h k,1/n = 1/h k,n from Theorem 2.2(ii), we find that
which (i) follows immediately by using the fact that h 2,2 > 0. Using the identity h 2,1/2 = h −1 2,2 , we complete the proof of (ii). For (iii) and (iv), setting n = 1 in Theorem 4.6 and recalling the value h k,1 = 1 from Theorem 2.2(i), we find that
Multiplying both sides of (4.3) by h 2,4 , we deduce that
Solving for h 2,4 and using the fact from Remark 2.3 that h 2,4 < 1, we prove (iii). Using the identity h 2,1/4 = h −1
2,4 , we complete the proof of (iv). For (v) and (vi), letting n = 2 in Theorem 4.6, we find that
Multiplying both sides of (4.4) by h 2,2 h 2,8 , rearranging terms, using (i), and multiplying both sides by √ 2 + 1, we deduce that
Solving for h 2, 8 and using the fact from Remark 2.3, h 2,8 < 1, we deduce that
Thus we have proved (v). Using the identity h
2,8 , we complete the proof of (vi). 2
By using above results and properties h k,n in Section 2, we obtain the following result.
Corollary 4.8. We have
Proof. From Corollary 2.6, we find that
Using Theorems 4.7(i) and (v), we complete the proof. 2 Theorem 4.9. For any positive real number n, we have
Proof. Part (i) follows directly from Theorem 4.3 and the definition of h k,n . Replacing q by −q in Theorem 4.3 and using the definition of h k,n , we complete the proof of (ii). 2 Theorem 4.10. We have
Proof. For (i) and (ii), letting n = 1/3 in Theorem 4.9(i) and using the identity h 3,1/3 = h −1 3,3 from Theorem 2.2(ii) with k = n = 3, we find that
Since h 3,3 has a positive real value,
So we complete the proof of (i). Using (i) and the identity h 3,1/3 = h −1
3,3 again, we prove (ii). For proofs of (iii) and (iv), letting n = 1 in Theorem 4.9(i) and using the value h 3,1 = 1 from Theorem 2.2(i), we find that
Multiplying both sides of (4.6) by h 3,9 and rearranging terms, we deduce that
Since h 3,9 has a real value, h 3,
. So we complete the proof of (iii). Using (iii) and the fact h 3,1/9 = h −1 3,9 , we prove (iv). 2 Theorem 4.11. We have
Proof. Using Corollary 3.2 with k = 3, we find that
Using the fact r 2,2/3 = r 
Proof. Part (i) follows directly from Theorem 4.4 and the definition of h k,n . Replacing q by −q in Theorem 4.4 and using the definition of h k,n , we complete the proof of (ii). 2 Theorem 4.13. We have 
Thus we complete the proof of (i). To prove (ii), use the identity h 3,1/5 = h
For the proof of (iii), letting n = 1 in Theorem 4.12(i), using the value h 3,1 = 1, and
3,25 , we find that
Rearranging (4.8), we have
Squaring both sides of (4.9) and rearranging terms, we deduce that
Since A has a real value, h 2 3,25 + h 
Proof. Part (i) follows directly from Theorem 4.5 and the definition of h k,n . Replacing q by −q in Theorem 4.5 and using the definition of h k,n , we complete the proof of (ii). 2 Theorem 4.15. We have
Proof. To prove (i) and (ii), letting n = 1 in Theorem 4.14(i), using the value h 5,1 = 1, and setting A = h 5,9 + h −1 5,9 , we find that
Rearranging terms, squaring both sides, and rearranging terms again, we deduce that
Since A has a positive real value,
So we find that h 2 5,9 − ( √ 15 − √ 3 )h 5,9 + 1 = 0. Solving for h 5, 9 and using the fact from Remark 2.3, h 5,9 < 1, we complete the proof of (i). Using the identity h 5,1/9 = h 5,9 in Theorem 2.2(ii), we prove (ii). 2 Theorem 4.16. We have
Proof. Using Corollary 3.2 with k = 5, we find that
Using the values
and r 2,10 = 1 2
and the fact that r 2,2/5 = r Using known values of r k,n and r k,n and their relations with h k,n and h k,n in Section 3, we can find further values of h k,n and h k,n .
Explicit formulas for ϕ(e −nπ ) and ϕ(−e −nπ )
We prove explicit formulas for the theta-functions ϕ(e −nπ ) and ϕ(−e −nπ ) for any positive real number n and then give some examples. From each given value of ϕ(e −π √ n ), one can derive the explicit result of K[n] and k will be evaluated in a simple fashion for certain n.
. Proof. From Corollary 2.7(i) and Theorem 2.2(i), (iii), we have h 1/n,1/n = h n,n h 1,1/n 2 = h n,n h 1/n 2 ,1 = h n,n .
Using the relations h n,n = h 1/n,1/n , r n,n = r 1/n,1/n in [12] , and G 1/n = G n [7, p. 23 First, we give some values of h n,n and h n,n , and then we use these values to determine some values of theta-functions. Since (( √ 5 − 1)/2) 3 = √ 5 − 2, we complete the proof of (v). To prove (vi), using 
